BAI TOAN DOI NGAU

CHUONG III
BAI TOAN DOI NGAU

Chuong nay trinh bay trinh bay khai niém ddi ngiu, cac quy tic dbi ngau va
giai thuat d6i ngau. Day 1a cac kién thic co gia tri trong tmg dung vi nhd d6 co thé
giai mot quy hoach tuyén tinh tir quy hoach tuyén tinh ddi ngiu cua né.

Noi dung chi tiét ctia chwong nay bao gom :

I- KHAI NIEM VE POI NGAU

1- Bdi ngau cua quy hoach tuyén tinh dang chinh tic

2- Pinh nghia ddi ngiu trong trudong hop tong quat

3- Céc dinh ly vé su d6i ngau

a- Pinh 1y 1 ( d6i ngiu yéu )

b- Dinh 1y 2

c- Pinh 1y 3

d- Dinh 1y 4 ( sy dbi ngau)

e- Pinh 1y 5 (tinh bd sung )
II- GIAI THUAT DOI NGAU
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CHUONG III
BAI TOAN POI NGAU

I- KHAI NIEM VE POI NGAU

Dbi ngdu 1a mot khai niém co ban cia viée giai bai toan quy hoach tuyén tinh
vi 1y thuyét d6i ngdu dan dén mot két qua cé tim quan trong vé mat 1y thuyét va ca

mat thuc hanh.

1- Pdi ngiu ciia quy hoach tuyén tinh dang chinh tic

Xét mot bai toan quy hoach tuyén tinh dang chinh tic

min z(x) = c'x
Ax =b

x>0

Gia st rang x* 1a phwong 4n tdi wu can tim cia bai toan va x° 1a mot phuong

an cua bai toan thi mdt can trén cua gia tri muc ti€u tdi wu duoc xac dinh vi :
c'x* < c¢'x’

Tuy chwa tim dugc phuong 4n tdi uu x* nhung néu biét thém dugc mot can
dudi cua gia tri muc tiéu tdi wu thi ta da gid1 han dugce phﬁn nao gia tri muc tiéu tdi
uu. Nguoi ta udc lugng can dudi nay theo cach nhu sau :

Véi mdi vecto x' =[X; X2 .. Xa] >0 thudc R" chua thoa rang budc cua bai
toan, tac la

b—Ax#0

nguoi ta noi long bai toan trén thanh bai toan ndi long :

min L(x,y) = c¢'x + y' (b - Ax)
x>0

Y =[yi Y2 .. ym] tuyy eR™

Goi g(y) la gia tri muyc tiéu t6i uu ciia bai toan ndi long, ta co :

gy) =min{cx+y'(b-Ax)}  (x20)
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< c'x+y'(b- Ax)

Trong truong hop x 1a phuong an ctia bai toan ban dau, tirc 14 :
b-Ax=0

thi
g(y) <c'x

Vay g(y) 1a mot can dudi cua gia tri muyc tiéu bat ky nén ciing 1a can dudi cia

gia tri muyc tiéu toi uu.

la:

Mot cach tu nhién la nguoi ta quan tam dén bai toan tim can dudi 1on nhat, d6

max g(y)
y tuy y € R™

Bai toan nay duoc goi 1a bai toan doi ngdu cua bai toan ban dau. Trong phan

sau nguoi ta s€ chirng minh gia tri muc tiéu toi uu cua bai toan déi ngau bang vdi gia

tri muc tiéu toi uu cua bai todn goc ban dau.

Nguoi ta dua bai toan dbi ngiu vé dang dé sir dung bang cach tinh nhu sau :

g(y) =min {c'xty'(b-Ax)} (x> 0)
=min {c'x+y'b-y'Ax } (x > 0)
=min {y'b+(c' -y A)x } (x 2 0)
=y'b+min { (¢ -y A)x } (x> 0)
Ta thiy :

0 khic"-y'A>0
min (¢’ —yTA)X =
(x=0) khong xac dinh khic' —y'A <0
Vay ta nhan dugc :
g(y)=y'b véic' -y'A>0
Suy ra bai toan ddi ngau c6 dang :
max g(y) =y'b
y'A<c’
y eR™tuy y

Hay la:
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max g(y)=b'y
ATy <c

y eR™tuy y

2- Pinh nghia d6i ngiu trong truong hop quy hoach tong quat
Trong trudng hop quy hoach tuyén tinh tong quét, nhitng quy tic sau ddy duoc
ap dung dé xay dyng bai toan dbi ngau :
- Ham muyc tiéu ddi ngiu :
. max <> min
- Bién d6i ngau :
. Mbi rang budc <> mot bién d6i ngau
- Chi phi d6i ngiu va giéi han rang budc :
. Chi phi d6i ngiu <> gi6i han rang budc
- Ma tran rang budc d6i ngau
. Ma tran chuyén Vi

- Chié€u cua rang budc va dau cua bién :

IN

. Rang budc trong bai toan max c6 dau thi bién do6i ngau

trong bai todn min c6 dau > 0 ( trai chiéu )

. Rang budc trong bai toan max c6 dau thi bién ddi ngau
trong bai todn min c6 dau tuy .
. Rang budc trong bai todn max c6 dau > thi bién ddi ngiu
trong bai toan min c6 ddu <0 ( trai chiéu)
. Bién cua bai toan max c6 ddu > 0 thi rang budc dbi ngau
trong bai toan min c6 ddu > ( cing chiéu )
. Bién cua bai toan max c6 du tiy y thi rang budc dbi ngau
trong bai toan min c6 dau =.
. Bién cuia bai todn max c¢6 dau < 0 thi rang budc trong bai toan
d6i ngiu min c¢6 dau < ( cung chiéu )
Xét cac rang budc dang ma tran cia mot bai toan quy hoach tuyén tinh tong

quéat nhu sau :
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diy  dp ay; ain
T
a > |q; Qp a;; i,
_aml am2 amj amn_
TA,
Ky hi¢u :
a, 1a dong thir i (i=1,2,...,m)
Ajla cot thirj (G=1,2,...,n)

BAI TOAN BOI NGAU

vV A

Khi d6, moi lién h¢ gitra hai bai toan doi ngau c6 thé dugc trinh bay nhu sau :

z(x) = ¢'x — min w(y) =y'b - max Rang budc / Dau
a'x =b, yi tw do
aiTX <b, yi<0 Cung chiéu
a'x>b, yi20
Xj >0 yTAj < Cj .
X< 0 YA > ¢ Trai chicu
X tu do yTAi =g

Vidu
a- Hai bai todn sau day la doi ngau :

max z(x) = 30x, +10x,
2X, +X, <4

{ZX1 +2X, <6

Xi, X, 20

(P)

min w(y) = 4y, + 6y,

2y, +2y, 230
y, +2y, 210

Y, Y, 20

b- Hai bai toan sau ddy 1a ddi ngiu :
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min W(x) = X; — X, + X5 + 2X,

X; +2X, — X5 +5%x, <6

2X, —3X, +3X; —4x, 27
3x1—2xz+5xz:9 4 ®)
7X; + X3 —2X, 25

X, X, 20,X; tuy y,x, <0

max z(y) =6y, + 7y, +9y5 + 5y,
Yy, +2y, +3y; +7y, <1
2y; =3y, =2y;<-1 ®)
"Y1 +3Y, +5Y5 +Y, =1
SYy —4Y, = 2y4 22
Y1 <0,y,20,y; tuy y, y, 20
Dbi v6i cip bai toan dbi ngdu (P) va (D) chi xay ra mot trong ba truong hop
sau :
- Ca hai bai toan déu khéng c6 phuong an t6i wu .
- Ca hai bai toan déu cé phuong an, luc d6 chung déu co phuong an tbi uu va
gia tri ham muc tiéu ddi véi hai phuong 4n t6i wu 12 bang nhau.
- Mot trong hai bai toan khong cé phuong an, con bai todn kia thi c6 phuong

an, khi d6 bai toan c6 phuong an khong c6 phuong an tdi wu.

3- Cac dinh ly vé sy d6i ngiu
a- Dinh 1y 1 ( d6i ngiu yéu )

Xét hai bai toan dbi ngiu :

max z(x) = c'x min w(y) =b'y
®) {Ax=b D) ATy >c
x>0 y tuy y

Néu X la phuong an cua bai toan (P)
? la phuong an cua bai toan (D)
thi z(x) < w(y)
nghia la gia tri ham muc tiéu cua bai todn max khong vuot qua gia tri ham muc tiéu

cta bai todn doi ngau min trén cac phuong an bat ky cua moi bai toan .

Chung minh

75



BAI TOAN BOI NGAU

X 1a phuong 4n cta (P)nén : AX =b
= Y Ax=y b=b"y=w()
y 1a phuong an ctia (D) nén : ATy > ¢

= ?TA >c'

=~ vy Ax>c"x=2(X)
Vay z(x) < w(y)

Dinh 1y nay dugc phat biéu va ching minh cho hai bai toan déi ngiu trong

truong hop tong quat .

b- Dinh Iy 2

Xét hai bai toan dbi ngau :

max z(x) = ¢'x min w(y) =b'y
(P) {Ax=b (D) jATy=>c
x>0 y tuyy

X 1a phuong an kha thi cua bai toan (P)
y 1a phuong 4n kha thi cia bai toan (D)

Néu z(x) = w(y) thi X, 9 1an luot 12 phuwong an tbi wu twong tng cua (P va

(D).
Ching minh
- Néu x khong 14 phuong 4n t6i wu ctia bai toan (P) thi ton tai mot phuong an
x sao cho :
z(x) < z(X)
= w(y) < z(x) : diéu nay mau thuan véi dinh 1y 1.
- Néu ? khoéng 14 phuong an tdi wru cua bai toan (D) thi ton tai mot phwong an
y sao cho :
w(y) < w(y)
= w(y) < z(x) : diéu nay mau thuan véi dinh 1y 1.

Vay X va ? 1an luot 12 phuong an tdi vu cia (P) va (D).
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c- Dinh1ly 3

Xét hai bai toan d6i ngau :

max z(x) = c'x min w(y) =b'"y
(P) {Ax=b (D) {ATy>c
x>0 y tuyy

Néu x* 1a phuong an tdi wu cta bai toan (P) dbi voi co s¢ B thi phwong an tdi
uu y* cia bai toan (D) dugc tinh boi cong thirc :
(v*)' =csB”
Ching minh
Do x* 13 phuong an tbi wu cta (P) voi co s& B nén thoa déu hiéu téi vu
c'-cgB'A<O
=  cg.B'A>cC’
= (y¥)'Axc’
= y*1a mot phuong an cua (D)
Mat khac x* dugc tinh bdi cong thire :
. |xz=B7b
X = *
Xy =0
va gia tri myc tiéu t6i uu cua (P) 1a :
z(x*) = clx* = C;XE
Tacod:
w(y")=bTy*=b"(c;B™)" =(czB™")b
=cg(B'b) =cixs =Caxg =2(X)

Theo dinh Iy 2 thi y* 12 phuong an tdi uu cta (D).

Dinh 1y nay cho phép tim phuong an ti uu cta bai toan quy hoach tuyén tinh
dbi ngiu tir bai toan gdc. Trong do :
- Cg duogc xéac dinh trong bang don hinh t6i vu cua (P).
- B! gdm m cot trong tng v6i m cot clia ma trin co s& ban dau lay tir

bang don hinh t61 vu cta bai toan goc.
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d- Pinh ly 4 ( su d6i ngiu)

Xét hai bai toan dbi ngau

max z(x) = c'x min w(y)=b"y
(P) {Ax=b (D) {ATy>c
x>0 y tuyy

- Néu (P) va (D) déu c6 phuong an kha thi thi chung c¢6 phuong an t6i uu va
gi4 tri ctia ham muc tiéu twong tng 13 bing nhau.

- Néu mot trong hai bai toan c¢6 phuong an t6i wu khong giéi noi thi bai toan
con lai khong ¢6 phuong an kha thi.

Chtrng minh

- Pay 1a két qua ctia dinh 1y 3 .

- Gia su rang phuong an t6i uu cua (D) khong gidi noi, tirc 14 ton tai mot
phuong an kha thi y cia (D) sao cho w(y)=b'y nhé tuy y. Diéu nay ciing c6 nghia 1a :
v61 moi M>0 16n tuy y luén tim duge mdt phuong an kha thi ;/cﬁa (D) sao cho :

by <-M

Néu (P) c¢6 phuong an kha thi 1a X thi theo dinh ly 1taco:

z(x)=c"x<w(y)=b"y <-M

bicu nay dan dén mau thuan

e- Pinh 1y 5 (tinh bo sung)

Xét hai bai toan d6i ngau

max z(x) = ¢'x min w(y) =b'y
(P) jAx=b (D) {ATy>c
x>0 y tuyy

X , ? la phuong an kha thi tuong timg cua (P) va (D).

Diéu kién can va du d@é ; , ? cling l1a phuong an tdi vu 12 :
X (ATy—cT)=0

Ching minh

- Do X 1a phuong 4n kha thi ctia (P) nén :
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Ax =b
— (AX)" =b"
—~ X AT=b"
-~ X ATy=bTy
—~ X ATy—xc=bTy-c"x (xTc=c"x)
= X (ATy-c)=b'y-c'x (¥
- Theo két qua (*) :

.Néu X,y 1a phuong an téi uu ctia (P) va (D) thi theo dinh 1y 4
c’x=bTy
— ¢"'x-b"y=0
- X (ATy-c)=0
Néu X (ATy-c)=0=b"y-c"x=0=b"y=c"x

Theo dinh Iy 2 thi X,y 1a phuong 4n téi uu .

II- GIAI THUAT POI NGAU

Xét hai bai toan dbi ngiu :

max z(x) = c'x min w(y)=b'y
(P) {AX =b va (D) ATy >c
x>0 y tuy y

Chung ta s& xét xem gidi thuat don hinh co ban da biét trong chuong trudc
duoc ap dung nhu thé nao dbi véi bai toan dbi ngau.
Gia str rang B 1a mot co s¢ cua bai toan (P) thoa :
y =cgB™" va Ny >,
Néu B cing 1a mot co so kha thi coa bai toan gboc, tic Ila

|:XB =B'b=b>0
X =

0 } thi (theo dinh 1y d6i ngiu) y, x lan luot 1a phuong an tbi
Xy =

Xp

wu cia bai toan ddi ngau va bai toan gbc. Néu khong thi X = { } khong 1a phuong

N
an ctia bai toan gdc vi Xg = b =B'b khong thé > 0.

Pé tién viéc trinh bay ta xét (m=3 , n=5):
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max z(X) = C;X; + C,X, + C3X5 + C4X, + CcXo
a;;X; +a;,X, +a5;3X; +aX, +a55Xs = by
(P) Ay Xy +85X; +8y3X;5 + 8 X, +855Xs = b,
a3 X; 85X, +833X;3 + 834X, +a35Xs = by
X1, X5, X3, X4, Xs 20

Céc dir li¢u cua (P) dugc trinh bay trong bang sau :

| X1 X2 X3 X4 X5 |

‘ C1 C2 C3 C4 Cs ‘
ajg  ap  ap | aig as b,
Q1  a» a3 | ay A b,
a3 azx a3 a3y ass bs

va bai toan ddi ngiu

min w(y) =b,y, +b,y, +bsy;
anYy +a,Y, tanys; =G
apY: taxY, +33Y; 2C,;
(D) dzY; +3Y; taAxys; 2C;

A14Y1 t3xY, +33Y, 2C4

AisYy +ayY, +asYs; 2Cs
YII YZIY3 tuy y
Nguoi ta dua (D) vé dang chinh tic bang cach thém cac bién phu ys4 ys, s, y7,
yg > 0. Chiing khong anh huéng dén ham muc tiéu.
min w(y) =b,y, +b,y, +b;y; +0.y, +0.y; + 0.y, + 0.y, + 0.y,

auYr tauYs ta35Y3 —Y4s =6

dpYy +axYy,; +anys; —Ys =G,

dizY; + Y, +3a3Y3 —Ye =C3

AaYy T axuY, Ay, —Y, =C4

Ai5Yy +axY, tasxys; —Yg =Cs

YirYarYs WYY - Vo, ¥Ys,Ye, V7, Y 20

Céc dir li¢u cua (D) dugc trinh bay trong bang sau :
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Lyi ¥ Y5 ya ys Yo Lwvi s |

[ by b, by 0 0O 0O 0 0 |

ar any asg -1 0 0 0 0 C1
arn any aszp 0 -1 0 0 0 C2
a3 ans ass 0 0 -1 0 0 C3
a4 A4 as4 0 0 0 -1 0 C4
ais azs azs 0 0 0 0 -1 Cs

Gia st rﬁng m cot dau tién ciia A 1a mot co sé B cua (P) thi hai bang trén dugc

trinh bay rat gon nhu sau :

X | Xn
Cs | C
[ B[ NJ[b]
Bang (P)
Ly Yaeys |
L b 0 |
B' I 0 cB
NT 0 -Tnm CN
Bang (D)
Dé dua bai toan ddi ngiu vé dang chuan ngudi ta nhan (bén trai) bang (D) voi
bang sau day :
(87) | o
(BN)" | Tom

Khi d6 nguoi ta dugc bang két qua c6 dang :
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m m n-m
y' Y4YsYs y7ys
0 | b=B'" | 0
m|  In ~(B) 0 (cz8)
n-m 0 - (N)T ——BN)" | Ium —cn =—{c] —cJBN)'

Bang nay cho ta mdt quy hoach tuyén tinh dang chuin v6i ma tran don vi (co
$0) tuong Ung v&i cac cdt y1 y2 y3 y7 ¥s-
Ap dung giai thuat don hinh co ban vao két qua nay cho ta quy tic ddi co s
nhu sau :
Tinh : b=B?'b>0
a- Néu b >0 thi giai thuat két thuc, khi d6 :
y = caB™" 1a phuong an tbi wu ciia bai toan dbi ngiu .

X b ) )
X = { B} = {g} la phuong an t6i vu cua bai toan goc .
XN

b- Néu ton tai r sao cho br eb ’ br <0 thi xdy ra mot trong hai truong hop
sau :

- Néu trong dong r ctia N ¢6 thanh phan < 0 thi nguoi ta tinh :

Nhu vay : ddi v6i bai toan ddi ngau thi bién y, di vao co s& va bién y, ra khoi
co s, trong khi d6 dbi voi bai toan gbe thi bién x, di vao co s va bién x, ra khoi co
sO.

- Néu moi thanh phan trong dong r cta N déu > 0 thi phuong an
tdi wu cua bai toan dbi ngau 1a khong giéi ndi, diéu nay (theo dinh Iy dbi ngau) dan

dén bai toan goc khong c6 phuong an.

Vidu: Xétbai toan
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min W(X) = X, — X
X; —2X, + X5 =1
{xl +3X, +X, =2
X;20 (G=1,2,34)
Bai toan doi ngau cua (D) 1a :
max z(y) =y, +2y,
y, +y, <1
-2y, +3y, <0 (P)
y, <-1
y, <0

yi, y2latuy y
Ta c6 thé chon bai toan (D) hodc (P) dé giai tim phuong an tdi wu bang phuong phap
don hinh, tir d6 suy ra phuong an ti uu cua bai toan con lai theo két qua trén. Trong
vi du nay ta chon bai toan (D) dé giai vi c6 chita sén ma tran don vi.

Giai bai toan (D) bang phuong phéap don hinh céi tién ta duoc :

Ce, Ig, Xy X, X3 Xy bo
-1 3 1 2 0 1
0 4 1 3 0 1 2
c’ 1 0 -1 0 | wx%
Co 2 | 2 0 0 -1
CB1 |Bl Xy X, X3 Xy 51
5 2 7
-1 3 = 0 1 = =
3 3 3
0 2 1 1 0 1 2
3 3 3
c’ 1 0 -1 0 | wx)
. 8 2 7
= 0 0 = -
C 3 3 3

Giai thuat ding vi thoa d4u hiéu t6i uu ctia bai toan min.
Phuong 4n t6i wu cua bai toan (D) 14 :
X; =0 X, =3 X;== X, =0

w(x) = w(x') = —%
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Suy ra phuong an tdi wu cua (P) 13 :

y' =ly, v,]=ciB*=[-1 0]

W,WN
Il
|
—
|
W|N
L 1

_]_ 7
2y)=bly=[t 2]| _2/--3
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CAU HOI CHUONG 3

1- Ban hiéu nhu thé nao vé khai niém ddi ngiu ?

2- Quy hoach tuyén tinh d6i ngiu cia mot quy hoach tuyén tinh chinh tic c6 dang nhu
thé nao ?

3- Ban hiy néu ra cac quy tic ddi ngau. Cho vi du .

4- Gia tri ham muc tiéu cta hai quy hoach tuyén tinh ddi ngau thi nhu thé nao ? .

Ching minh
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BAI TAP CHUONG 3

1- Xét bai toan quy hoach tuyén tinh
max z = 7x; + 5x;

[ 2x;+3x, <19

(P) 2x1+ X <13

{ 3x,<15

3x; <18

\X1,X%X220
a- Tim bai toan d6i ngau (D) tir bai toan (P)
b- Tim phuong an tdi wu cho bai toan (P)
c- Tt bang don hinh t6i vu ca (P). Hiy tim phuong an t6i wu cho bai toan (D)
2- Xét bai toan quy hoach tuyén tinh
min w= x; + X
(X1 -2X3+ x4 =2
D) | x2- x3+2x4 =1

X3 - X4+X5:5

\ Xi >0, Vi=1-55

a- Tim bai toan d6i ngau cuia bai toan (D)

b- Tim phuong an téi wu cia bai toan (D)

c- Tir bang don hinh t&i wu ctia bai toan (D). Hay tim phuong an tdi wu cho bai

toan doi ngau & cau a.

3- Xét bai toan quy hoach tuyén tinh

min w = -2x; - X4
rx1+x2 +5x3 =20
(D) Xy +2x425

X1+X2 - X3 >8

L xi ty ¥ (i=1— 4)

Tim bai toan ddi ngau (P) cua bai toan (D). Tir bai toan (P) hiy chi ra rang (P)

khong ton tai phwong an tdi vu do d6 (D) ciing ton tai phuong an t6i wu.

4- Cho bai toan quy hoach tuyén tinh
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max z =2X; +4X, + X5 + X,
X, + 3%, +X, <1

(D) -5x, -2x, <3

4x, +4X; + X, <3

X;20 j=1—-4)

1- Tim bai toan ddi ngiu cuia bai toan da cho.
2- Giai bai toan da cho rodi suy ra két qua ciia bai toan d6i ngau.
5- Cho bai toan quy hoach tuyén tinh
max z = 27X, +50x, +18x,
X, +2X, + X3 <2
(D) —-2X; +X, —2X5 <4

Xy +2X, —4x;5 < -2

X, X, tudy,x; <0
a- Tim bai toan d6i ngau cuia bai toan d cho.

b- Giai bai todn doi ngau rdi suy ra két qua cua bai toan da cho.
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